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Notes

The exercise used a population of smooth, washed stones collected so that they have a smooth, 
continuous weight distribution from large to small.

Each stone was weighed (primary variable) and measured along the longest axis (secondary, auxiliary 
variable).

The stones were laid out on a small table, too small to completely spread out every stone, and delegates 
were given a kitchen scale suitable to accurately weigh single stones – but not big groups of stones at 
once.

The instructions were given to form groups and weigh 6 stones in a competition for a prize.  The actual 
weight of the stones was also ‘accidentally’ shown very briefly, to test for confirmation bias.

All simulated draws by AB using macros in Excel

Many thanks to Marina, Mirjana, Matej and Lea for collecting the stones and making the measurements!



Notes

The workshop focused on observer variation in ground (‘in situ’) observations and new technologies, 
notably remote sensing using drones.  Here we have a contrast between a small sample of – possibly 
uncertain – but very targeted and specific measurements versus complete coverage of less specific wall-
to-wall observations.

This sampling exercise was meant to look at bias, precision and uncertainty in estimates using partial 
data, working with a very small sample selected using our judgement from a population which can be see 
and, to some extent, evaluated qualitatively during the selection process.  This is designed to be similar 
to the common situation in vegetation recording where we have a more or less homogenous area of 
habitat and try to set out a ’representative’ set of plots or quadrats.  Notice that the equivalent of ‘in situ’ 
measurements, the weighing process, is accurate and repeatable so we are only looking at sampling 
issues.

The design of the exercise is based on similar demonstrations done in the USA in the 1920s and 1930s 
when the use of partial data, sampling and what is meant by a ‘representative’ sample was controversial.  
There is a good discussion of the history of sampling methods in Tillé (2020) – see further reading.

Please feel free to contact me on alb115@aber.ac.uk if you have any questions about the exercises or 
simulations, or want a copy of the spreadsheet data.

mailto:alb115@aber.ac.uk


Notes

Representative plots are often chosen and recorded one at a time, that is, where the observations from 
earlier plots can influence the choice of later plots. In this case, if we already have in mind a particular 
result – perhaps we consider the stand of vegetation to meet a certain standard – it is tempting to 
choose later sample points which compensate for what we see in the earlier plots to try and get the 
result we expect, sometimes called confirmation bias.  Of course this might also influence the 
measurements themselves, notably cover estimates, but here we are only considering the selection of 
sample units. 

Confirmation bias is possible where, for example, we are re-visiting plots to look at changes, and happen 
to have both the earlier results and a preconception of whether or not we think changes have taken 
place, tempting us to minimise or discount any chance differences when we make observations. In this 
exercise, we were interested in whether knowing the result (the population mean weight) influenced the 
groups selection of stones in a situation where the groups were not certain whether this information was 
part of the exercise, noting that a second-order effect of confirmation bias might tempt us to add back in 
some variability to make the results seem more plausible...



Notes

As well as the group competition, we carried out a set of simulated random draws from the population 
weights and measurements in order to show a) the statistical properties of small samples, and b) how an 
auxiliary variable (length) can be used to increase the efficiency of sampling and precision of estimation 
for our variable of interest (weight), when it at least some predictive power.

In the first demonstration, sample sets of stones were drawn at random with equal probability, so each 
stone had the same chance of being included in the sample. This was done ‘with replacement’ – so each 
stone is available to be included more than once – but with such a small sample from a large population 
the results are similar without replacement, as in the group exercises.

A simulated draw of 1000 samples, gradually increasing sample size, shows how these probability 
samples always give (on average) an unbiassed estimate of the mean. However, the frequency 
histograms showing the ‘sampling distribution of sample means’ for smaller sample sizes is rather skewed 
and strongly influenced by the frequency distribution of few large stones and many small stones in the 
population.  As sample size increases, the distribution of sample means becomes more symmetrical, 
approaching a normal (Gaussian) distribution, and as sample size increases further this becomes 
narrower as the precision of the estimate improves.  This shows how, regardless of the population 
distribution of the variable (weight), the sampling distribution can be modelled by a normal distribution if 
the sample size is large enough: in the literature, a figure of >30 is often quoted.  This is the central limit 
theorem, and is what allows us to calculate confidence limits, carry out statistical tests and statistical 
power analyses using the properties of the normal probability density function.



Notes

However, a sample size of at least 30 plots is rather large, especially if these have to include rare species, 
and many monitoring projects will not have enough.  We also have to consider how damaging the actual 
recording might be in sensitive habitats and for population which are easily disturbed.

In the second part of the demonstration, we showed how an auxiliary variable can be used to enable 
unequal probability sampling. In this approach, some correlated variable which is easy to measure can 
be used to improve the choice of a small sample for some variable that is more difficult or more time-
consuming to measure.  All sample units (eg stones) are available to be selected, but are given inclusion 
probabilities proportional to an appropriate transformation of the second, auxiliary variable (here, 
length^3 , since weight it proportional to the volume).  The stones were drawn at random, but those with 
higher inclusion probabilities are more likely to be selected.  The estimator for the mean weight is then 
slightly different, as the sample weights have to be divided by the inclusion probability before calculating 
the mean.

The frequency histogram of ‘sampling distribution of sample means’ of 1000 draws shows that this 
estimator is both unbiassed and far more efficient, and even with as few as 5 stones in the sample the 
curve is symmetrical and narrow – in other words the estimate of the population is more precise, and 
even with just a small sample size already has the properties of the normal distribution so we can be 
confident in carrying out statistical tests and power analysis.  The formulas used to calculate mean and 
variance are called Horvitz-Thompson estimators and are extremely important in practical survey-
sampling designs (see notes on further reading).



Sampling Exercise

In your Group:

1. Decide how you want to select stones while you wait for your turn

2. Select 6 (six) stones and weight them one at at time to get the sample mean – then 
if you can, calculate variance, standard deviation, standard error

3. Return the stones to the box / bag for the next group, let them know

4. Estimate 95% confidence intervals for the true population mean weight

5. Don’t share your results or weigh more than one stone at once

6. Decide whether some or all of this process is legitimate and is the following rule for 
awarding a prize fair....?

The group with a sample mean closest to the true population 
mean wins a prize!



RESULTS

Stone-Agers 117.17
Petra 113.50
The Stone Roses 82.5
The Flintstones 53.83
Rolling stones 44.56
8 Stones 39.5 - ‘winner’
The Stone Roses 2 25

Actual mean weight = 35.85 grams





Notes

While the results of the competition shows the 8 stones group to be the winners, were they influenced 

by confirmation bias, picking a final stone to get closer to the expected result? 

Of course, assuming we have an unbiassed sampling design, exactly how close to the true mean an 

individual sample happens to be is influenced by chance.  So the rules of the competition are not exactly 

fair: if all the groups used exactly the same selection method it would be a lottery.

In fact, in this exercise as in all the previous exercises we have done with similar groups of stones, the 

groups always overestimate the population mean weight, often by a considerable amount. When we try 

to choose a representative sample in the field using only our judgement, we tend to be strongly biased 

towards choosing plots which over-represent whatever we are interested in, such as the cover of a 

protected plant species. We can unconsciously reject ‘poorer’ plots and locations, perhaps feeling we are 

wasting time recording them.

The Rolling stones divided the stones into 5 strata and selected representative stones from each (two 

from one), weighting them by the number in each stratum. Stratification is a good approach, though even 

here they tended to pick slightly heavier representative stones, overestimating the the population weight 

by 25%.  Because we have only one (or two) stones in each stratum, we cannot so easily calculate 

confidence limits – but in fact, the simulations show that these calculations aren’t really legitimate for 

any of the groups, something hinted at by the lower limit of -2.70 for the Stone Roses.



Simple explanations at:
https://www.scribbr.com/statistics

95% confidence intervals (for normal distribution)

*Nb we use slightly different formulas 
for variance and standard deviation 
when we have a lot of values, and to 
minimise rounding errors

*



422 Stones

Smallest 1 gram → Largest 330 grams

Mean weight = 35.85 grams
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1. Equal Probability sampling

Simple Random Sampling

Each population unit (= stone) has an 
equal chance of being selected for the 
sample 
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The group estimates selecting 
6 stones – tending to be 
overestimates compared with 
a simple random sample of 5 
stones



The central limit theorem

With Probability Sampling,  as the sample size increases, the 

sampling distribution of sample means

• becomes more symmetrical
• approximates a normal distribution, 
• while the variance (spread) decreases

We can use this result to calculate confidence limits, carry 
out parametric tests (eg T tests) and use statistical power 
analysis to determine sample size
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2. Unequal Probability sampling

Each population unit (= stone) has a 
chance of being selected, but not an equal 
chance

These selection probabilities are 
proportional to some auxiliary variable, 
one which predicts some of the variance 



Weight ~ volume ~ length x width x height

Weight ~ length3

Length as an auxiliary variable 
which predicts stone weight
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3. Horvitz-Thompson Estimators

Most modern survey-sampling depends on 
unequal probability sampling and stratification, for 
example using auxiliary variables from remote 
sensing.

A good way of understanding unequal probabilities 
is looking at Horvitz-Thompson Estimators.

If anyone wants to know about these in more 
detail, we can run a smaller informal session on 
statistical methods

3. Horvitz-Thompson Estimators

Most modern survey-sampling depends on 
unequal probability sampling and stratification, for 
example using auxiliary variables from remote 
sensing.

A good way of understanding unequal probabilities 
is looking at Horvitz-Thompson Estimators.

If anyone wants to know about these in more 
detail, we can run a smaller informal session on 
statistical methods



Horvitz-Thompson estimators

This is the HT estimator for 
the total, which we can 
easily convert to the mean 
by dividing by the sample / 
population number.

This is the rather more scary equation for the estimated variance (of the estimated total) – but of course all of 
this can be calculated using statistical software such as R.  The !I and !ij elements are inclusion probabilities 
for single units and pairs of units, the yi and yij are the observed variables, in our case the stone weights. 



Note how symmetrical 
and narrow this sampling 
distribution is with only 5 
samples – compared with 
equal probability 
sampling: already we 
have a sample size with 
good statistical properties

Mean



Mean
Simple random sample

HT Estimator



Mean

A sample of 10 is even 
better, and while it is still 
not completely 
symmetrical this is partly 
because of the choice of 
‘bins’ in the histogram 
which are not themselves 
symmetrical about the 
mean. 



Statistical power analysis depends on having a sample size 
big enough to be normally distributed...



... and is essential for hypothesis testing in order to estimate 
the type II error rate....



Notes and Further Reading

It is really important to understand unequal probability sampling in sample-survey design, especially now 
we often have auxiliary variables from remote sensing which can be used as inclusion probabilities and 
for stratification or post-stratification.  A good place to start is:  

Overton, W.S. & Stehman, S.V. (1995). The Horvitz-Thompson theorem as a unifying perspective for 
probability sampling: with examples from natural resource sampling. The American Statistician, 49(3), pp. 
261-268.

And real, practical designs are discussed in considerable detail in the classic text:

Särndal, C-E., Swensson, B. & Wretman, J. (2003) Model-Assisted Survey Sampling. Springer. (there are 
on-line scans of this book if you look for them...)

An excellent recent text is:

Tillé, Y. (2020). Sampling and Estimation from Finite Populations. John Wiley & Sons.
see also:  https://cran.r-project.org/web/packages/sampling/index.html

Note that there are other approaches to using very small samples, for example using data 
transformations and Bayesian statistics – but these are for another workshop!

https://cran.r-project.org/web/packages/sampling/index.html

